Abstract. In this paper, we study the permutation behaviour of Fibonacci polynomials f n (x) over finite fields.
Introduction
Fibonacci polynomials were first studied in 1833 by Eugene Charles Catalan. Since then, Fibonacci polynomials have been extensively studied by many for their general and arithmetic properties; see [1, 3, 12, 15, 16, 20, 22] . In a recent paper, Koroglu, Ozbek and Siap studied cyclic codes that have generators as Fibonacci polynomials over finite fields; see [14] . In another recent paper, Kitayama and Shiomi studied the irreducibility of Fibonacci polynomials over finite fields; see [13] .
Fibonacci polynomials are defined by the recurrence relation f 0 (x) = 0, f 1 (x) = 1, and f n (x) = xf n−1 (x) + f n−2 (x), for n ≥ 2.
The Fibonacci polyomial sequence is a generalization of the Fibonacci number sequence: f n (1) = F n for all n, where F n denotes the n-th Fibonacci number. Moreover, f n (2) defines the well-known Pell numbers 1, 2, 5, 12, 19, . . .. Fibonacci polynomials can also be extended to negative subscripts (see [15, Chapter 37]): f −n (x) = (−1) n+1 f n (x).
In this paper, we explore permutation polynomials over finite fields arising from Fibonacci polynomials. Let p be a prime and q = p e , where e is a positive integer. Let F p e be the finite field with p e elements. A polynomial f ∈ F p e [x] is called a permutation polynomial (PP) of F p e if the associated mapping x → f (x) from F p e to F p e is a permutation of F p e .
We are interested in the question: When is f n a PP of F p e ? We call a triple (n, e; p) a Fibonacci permutation polynomial (FPP) triple if f n is a PP of F p e . In this paper, we mainly study the permutation behaviour of Fibonacci polynomials over finite fields of even characteristic, but we also present a few FPP triples in odd characteristic.
At the end of this section, we present some general properties of Fibonacci polynomials. We also point out the connection between Fibonacci polynomials and Dickson polynomials of the second kind (DPSK) which are related to Chebyshev polynomials. The functional expression we obtain for Fibonacci polynomials from the functional expression of DPSK in this Section is the most useful in our study since (1.1), (1.2), and (1.3) reveal very little about the permutation property of f n . In Section 2, we answer the question "when is f n = f m "?
In Section 3, we first explore the permutation property of f n when p is odd. We also derive some general properties of f n . Then we study FPP triples when p is even and present all FPP triples for e ≤ 6 in an Appendix at the end of the paper.
In Section 4, we study the permutation behaviour of f n when n is odd. In Section 5, we compute the sum a∈Fq f n (a) which provides a necessary condition for f n to be a PP of F q .
1.1. Some properties of Fibonacci polynomials. An explicit expression for f n (x) is given by
Another explicit formula for f n (x) is given by
where f (n, k) = n+k−1 2 k , and n and k have different parity; see [2, Section 9.4].
The coefficient f (n, k) can also be thought of as the number of ways of writing n − 1 as an ordered sum involving only 1 and 2, so that 1 is used exactly k times.
There is yet another explicit formula for f n (x):
,
are the solutions of the quadratic equation u 2 − xu − 1 = 0. The generating function of f n (x) is given by
see [15, Chapter 37].
Fibonacci polynomials and Dickson polynomials.
Dickson polynomials have played a pivotal role in the study of permutation polynomials over finite fields.
The n-th Dickson polynomial of the second kind E n (x, a) is defined by
where a ∈ F q is a parameter; see [18, Chapter 2] . Dickson polynomials of the second kind (DPSK) are closely related to the well-known Chebyshev polynomials over the complex numbers by
where U n (x) is the Chebyshev polynonmial of degree n of the second kind.
where u is in the extension field F q 2 . Then the functional expression of DPSK is given by
see [18, Chapter 2] . We note to the reader that when a = −1, n-th Dickson polynomial of the second kind is the (n + 1)-st Fibonacci polynomial. Therefore the functional expression of Fibonacci polynomials is given by
The permutation behaviour of DPSK has been studied by many authors to a large degree. In [9] , Henderson obtained some necessary conditions for DPSK to be a PP of F q when q is even. In [11, Theorem 5] , Henderson and Matthews obtained some sufficent conditions on n for DPSK to be a permutation of F q when q = 2 e . In this paper, we follow a new approach to study the permutation behaviour of DPSK with a = −1, i.e. Fibonacci polynomials, when q = 2 e . We look at patterns of base 2 digits of n for which f n is a PP of F 2 e and classify them as different families according to their base 2 digits. Our approach enables us to find sufficient conditions on n, where n is even and n is not a power of 2, in addition to the conditions explained in [11, Theorem 5] . We refer the reader to [4, 5, 6, 7, 10, 9, 11, 8, 18] for more details about Dickson polynomials of the second kind and their permutation behaviour over finite fields.
When is
In [21] , Wang and Yucas introduced the n-th Dickson polynomial of the (k + 1)-th kind and the n-th reversed Dickson polynomial of the (k + 1)-th kind.
For a ∈ F q , the n-th Dickson polynomial of the (k + 1)-th kind D n,k (x, a) is defined by
When a = 1, Wang and Yucas showed that the sequence of Dickson polynomials of the (k + 1)-th kind in terms of degrees modulo x q − x is a periodic function with period 2c, where c =
with any e or p ≡ 3 (mod 4) with even e. When p ≡ 1 (mod 4) with any e or p ≡ 3 (mod 4) with even e, since −1 is a square in F p e , then the following theorem follows from [21, Theorem 2.12].
Theorem 2.1. Let e be even or p ≡ 1 (mod 4) with odd e. If n 1 ≡ n 2 (mod
Remark 2.2. When q is odd, Let η denote the quadratic multiplicative character of F q . For a ∈ F * q and q odd, η(a) = 1 or η(a) = −1 depending on whether a is a square or non-square, respectively. The notion of S-sets is important to discussing properties of the Dickson polynomials of the second kind; see [8, Section 2] .
If η(a) = 1 , then the S-sets are
If η(a) = −1 , then the S-sets are
Now we show that the sequence of Fibonacci polynomials in terms of degrees modulo x q − x is not a periodic function with period 2c, where c =
, when p ≡ 3 (mod 4) and e is odd.
Let p ≡ 3 (mod 4) and e be odd. Let a = −1 in (1.6). Then η(−1) = −1. From (1.6) we have
2.2. p ≡ 3 (mod 4) and e is odd. From (1.4) we have
where
are the solutions of the quadratic
Here u is in the extension field F p 2e . We note to the reader that u 1 = u 2 when p ≡ 3 (mod 4) and e is odd since u 1 = u 2 implies x 2 = −4, which is not true when p ≡ 3 (mod 4) and e is odd. Thus we have the following result. Theorem 2.3. Let p ≡ 3 (mod 4) and e be odd. If
k , and n and k have different parity.
Proof. When n is odd, we have
The proof follows from the fact that f n (1) = f n (−1).
Theorem 3.2. Assume that p ≡ 3 (mod 4) and e is odd. Let n = (p − 3)
Proof. Note that n = (p − 3)
) and e is odd, and p 2e − 3 ≡ −2 (mod p 2e − 1), we have
which is clearly a PP of F p e .
Theorem 3.3. Assume that p ≡ 1 (mod 4) with any e or p ≡ 3 (mod 4) with even e. Let n = (p − 2) + (
Proof. Note that n = (p − 2) + (
with any e or p ≡ 3 (mod 4) with even e, and
which is clearly a PP of F p e . Remark 3.4. f 2 is a PP of F p e for any p and any e.
In the following Lemma and Theorem, we asume that p is any prime. Proof. x 2 = −4 implies u = ±b with b 2 = −1 for some b ∈ F q . Then from (1.
Proof. From (1.6) we have
When l = 0, since f m (x) = ±m from Lemma 3.5, we have
Thus for all x ∈ F p e , we have f mp l (x) = (x 2 + 4)
3.2. In even characteristic. In this subsection, we always assume that p = 2 and will use the well-known result in the following Lemma.
Lemma 3.7. (see [17] ) The monomial x n is a PP of F q if and only if (n, q − 1) = 1.
Proof. Let n 1 ≡ n 2 (mod 2 2e+1 − 2). Note that, 2 2e+1 − 2 = (2 2e − 1) + (2 2e − 1). When u = 1, i.e. x = 0, we have
When u = 1, i.e. x = 0, we have in characteristic 2,
Thus for all x ∈ F 2 e , f n 1 (x) = f n 2 (x).
Theorem 3.9. f 2 l , where l ≥ 0 is an integer, is a PP of F 2 e if and only if gcd(2 l − 1, 2 e − 1) = 1.
Proof. Let p = 2 and m = 1 in Theorem 3.6. Then we have
The rest of the proof follows from Lemma 3.7.
Theorem 3.10. f 2 2e+1 −2−n is a PP of F 2 e if and only if f n is a PP of F 2 e . In particular, f 2 2e+1 −2−2 l , where l ≥ 0 is an integer, is a PP of F 2 e if and only if gcd(2 l −1, 2 e −1) = 1.
Proof. The first part follows from the fact that 2 2e+1 − 2 − n ≡ −n (mod 2 2e+1 − 2) and f −n = f n .
Let n = 2 l , where l ≥ 0 is an integer. Then f 2 2e+1 −2−2 l is a PP of F 2 e if and only if f 2 l is a PP of F 2 e .
The rest of the proof follows from Lemma 3.7 and Theorem 3.9.
Corollary 3.11. Let l ≥ 0 be an integer. Then
Moreover, f 3·2 l is a PP of F 2 e if and only if l = 0.
Proof. Let p = 2 and m = 3 in Theorem 3.6. Then we have
Let l = 0 in (3.2). Then f 3 = x 2 + 1 which is a PP of F 2 e since gcd(2, 2 e − 1) = 1.
Corollary 3.12. Let n = 2 2 + 2 3 + · · · + 2 2e−1 + 2 2e . Then f n is a PP of F 2 e for any e ≥ 1.
Proof. Note that n = 2 2 + 2
From Theorem 3.10 we have f n = x, which is a PP of F 2 e for any e ≥ 1. 
Then from Theorem 3.10 we have f n = x 7 , which is a PP of F 2 e if and only if gcd(2 e −1, 7) = 1 if and only if e = 3k, where k ∈ Z + .
Corollary 3.14. If n = 1 + 2 + 2 3 + 2 4 + · · · + 2 2e−2 + 2 2e−1 + 2 2e and e ≥ 2, then f n which is a PP of F 2 e .
Proof. Note that n = 1 + 2 + 2 3 + 2
From Theorem 3.6 and Theorem 3.8 we have f n = f −3 = f 3 = x 2 + 1, which is a PP of F 2 e . Corollary 3.15. Let n = 2 + 2 3 + 2 4 + · · · + 2 2e−1 + 2 2e and e > 1. Then f n is a PP of F 2 e if and only if e is odd, .
Proof. Note that n = 2 + 2 3 + 2 Proof. Note that n = 1 + 2 + 2 2 + · · · + 2 e−1 + 2 e+1 + 2 2e = 2 e + 2 e+1 + 2 2e − 1. When u = 1, i.e. x = 0, we have
Note that
Thus for all x ∈ F 2 e , f 2 e +2 e+1 +2 2e −1 (x) = x 2 + 1, which is clearly a PP of F 2 e .
Corollary 3.19. If n = 1 + 2 + 2 2 + · · · + 2 e−1 + 2 e+2 + 2 e+3 + · + 2 2e−1 and e ≥ 3, then f n is a PP of F 2 e .
Proof. Note that n = 1 + 2 + 2 2 + · · ·+ 2 e−1 + 2 e+2 + 2 e+3 + · + 2 2e−1 = 2 2e + 2 e − 2 e+2 − 1. Also note that
f 2 e +2 e+1 +2 2e −1 is a PP of of F 2 e from Theorem 3.18. The rest of the proof follows from Theorem 3.10.
Corollary 3.20. If n = 2 + 2 2 + · · · + 2 e + 2 e+2 + · + 2 2e and e ≥ 3, then f n is a PP of F 2 e .
Proof. Note that n = 2 + 2
. From Theorem 3.10 we have f n = x for x ∈ F 2 e , which is a PP of F 2 e . Corollary 3.21. If n = 2 2e+1 − 2 e + 2 e−1 − 2 and e > 1, then f n is a PP of F 2 e .
Proof. Note that n = 2 2e+1 − 2 e + 2 e−1 − 2 − (2 2e+1 − 2) = −2 e−1 . From Theorem 3.8, Theorem 3.9 and the fact that f −n = f n we have f n = f −2 e−1 = x 2 e−1 −1 for x ∈ F 2 e , which is a PP of F 2 e since gcd(2 e−1 − 1, 2 e − 1) = 1.
Proposition 3.22. Let n = 2 2e + 2 2e−1 + 2 e+3 − 2. If e = 3 or 5, then f n is a PP of
Proof. Note that n = 2 2e + 2
. When e = 3, we have n = 2 5 and when e = 5, we have n = −2 8 . Thus f 2 5 = x 3 for x ∈ F 2 3 and f −2 8 = x 7 for x ∈ F 2 5 . Result follows from the fact that gcd(3, 7) = 1 and gcd(7, 31) = 1.
Proof. Note that n = 2 2e + 2 2e−1 + 2 2e−2 + 2 e+2 − 2 − (2 2e+1 − 2) = 2 e+2 (−2 e−2 + 2 e−3 + 2 e−4 + 1). When e = 3, we have n = 2 4 and when e = 5, we have n = −2 7 . Thus f 2 4 = x for x ∈ F 2 3 and f −2 7 = x 3 for x ∈ F 2 5 . The rest is obvious.
More results
Also in this Section, we assume p = 2.
Theorem 4.1. Let n be odd with gcd(n + 1, 2 2e − 1) = 1 and gcd(n − 1, 2 2e − 1) = 1. Then f n is a PP of F 2 e .
Proof. Clearly f n (0) = 1. Now assume that f n (x) = 1 for x = 0, i.e. u = 1. Then f n (x) = 1 implies
which implies u n+1 = 1 or u n−1 = 1. Since gcd(n+1, 2 2e −1) = 1 and gcd(n−1, 2 2e −1) = 1, u = 1, which is a contradiction.
Now let x = 0, y = 0. Then
Since gcd(n + 1, 2 2e − 1) = 1 and gcd(n − 1, 2 2e − 1) = 1,
if and only if
which implies x = y.
Corollary 4.2. Let n be odd with gcd(n + 1, 2 2e − 1) = 1 and gcd(n − 1, 2
Proof. The proof follows from Theorem 3.10 and Theorem 4.1.
.
Write k = α + βq where 0 ≤ α, β ≤ q − 1. Then we have the following.
Summing the above equation as x runs over F q in (5.3) we have Theorem 5.4. Let f n be the n-th Fibonacci polynomial. Assume that p ≡ 1 (mod 4) with any e or p ≡ 3 (mod 4) with even e. Let q = p e . Then we have the following. 
